COMBINATORICA 7 (2) (1987) 193—204

ON SWITCHING PATHS POLYHEDRA

H. GROFLIN

Received 23 July 1982
Revised 18 March 1985

A class of integer polyhedra with totally dual integral (tdi) systems is proposed, which gene-
ralizes and unifies the “Switching Paths Polyhedra™ of Hoffman (introduced in his generalization
of Max Flow-Min Cut) and such polyhedra as the convex hull of (the incidence vectors of) all
“path-closed sets” of an acyclic digraph, or the convex hull of all sets partitionable into k£ path-closed
sets. As an application, new min-max theorems concerning the mentioned sets are given. A general
lemma on when a tdi system of inequalities is box tdi is also given and used.

1. Introduction

Consider an acyclic digraph G=(V, E) with node set ¥ and edge set E and
let P be some path of G with node set ¥(P). Call a 0, - l-vector A, RV an alter-
nating vector of P in G if its support is contained in V(P), and traversing P and ig-
noring the zero~components, the +1 and —1 alternate in an sequence +1, —1, +1,...
w.s —1, +1. Let A4;, i€l, be all alternating vectors of all paths of G. Furthermore,
call a node set TSV path-closed if v, ¢T and weV is on a path from v to o’
implies we T (this notion is close to that of a convex set of a poset and we refer the
interested reader to [6]). One result of [6] is that the polyhedron

(1.1) (xeRV: x =0, A;x =1, icl}

is the convex hull of all path-closed sets of G, and was proven by means of the anti-
blocker to (1.1) and by algorithms.

Now, this result is essentially the statement that (1.1) is an integer polyhedron,
and it was natural to look for a proof of this statement using the general and powerful
tool of total dual integrality. In this task, an operation of switching of alternating
vectors showed to be fruitful. This concept is similar to the switching of paths used in
[9] by Hoffman in order to establish a class of integer polyhedra of the type {x=0:
Axz=r}, where A is the incidence matrix of a family of abstract paths closed with
respect to switching, and where r is in a certain sense supermodular.

This observation motivated the development of the present class of integer
polyhedra, called switching paths polyhedra. This class unifies and generalizes the
polyhedron (1.1) and the polyhedra described in [9] by Hoffman. Our approach is
very close to his: in fact, it extracts the essence of his arguments to use them in a
somewhat more general framework.

AMS subject classification (1982): 52 A 25, 90 C 05, 90 B 10, 05 C 20, 05 C 38.
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In the next section, we introduce the switching paths polyhedra and state
the main theorem. In section 3, we give some examples and applications and in sec-
tion 4 prove two preparatory lemmata, one of which relating the properties of total
dual integrality and box total dual integrality. Section 5 deals with the proof of the
main theorem.

2, Switching families

Let U and A be finite sets and s={f(a): a€ A} a family of 0, £1-vectors
f@€ERY, ac 4. Denote for any vector f¢RY with components f;, jeU, by s*f
the positive support of f, ie. stf={jcU: f;=0}, by s7f the negative support, and
by sf=s"fUs™f the support of f. Let further be given for any a€ A a linear ordering
< of sf(a) and define for any a,b€4 with jesf(a)Nsf(b) the following sets:

[aj] = {iesfla): i =7}, [jb] = {i€sf(b): i=j} and [4jb] = [a]]U[,b].
Definition 2.1. A family s as above is called a switching family if for any a, b€ A4

and jesf(a)Nsf(b) there exists ¢ and d€ 4, denoted ajb and bja, such that the fol-
lowing properties hold:

(2.1) sflajb) Nsf(a)Nsf(b) < lajbl,

22) SAGDOB ESSDY

(2.3) s*flajb)Nljal S s*f(b) I

similar properties for bja, to which we refer later as (2.1), (2.2)" and (2.3), and
(2.4) sf(ajb) N sf(bja) S sf(a)Nsf(b).

In order to facilitate the interpretation of these properties, we give some exam-
ples of switching families:

Example 2.2. In the digraph G=(U, E) with source s and sink ¢, let f(¢)€RE,
ac A, be the edge set incidence vectors of all s—f-paths P, of G. The f(a)’s being
naturally ordered, for any @, b¢ A4 and edge jeP,NP,, let f(ajb) be the vector of a
path P,; whose edges are contained in {i€P,: i=j}U{ic P;: i%j}. (The paths
being identified here with their (ordered) edge sets.)

Example 2.3. In the acyclic digraph G=(U, E), let f(@)¢RY, ac A4, be the node
set incidence vectors of all paths P, of G. The f(a)’s being again ordered in the ob-
vious way, for any a,b€4 and node jcP,NP,, let f(ajb) be the vector of the
path

2.9) Fop =ik i = JU{}ULi€R: i 5 )}

(the paths being identified here with their node sets).

Example 2.4. In the previous graph, let f(@)éRY, ac 4, be all alternating vectors of
paths of G (see section 1 for the definition). Also, for any a, b€ A and jesf(a)Nsf(b),
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if P, and P, are two paths of which f{(a) and f(b) are alternating vectors, let P,;
be given by (2.5) and f(ajb) by

(f@+f,)2  for i=j,
fila) for i€P, and i<j,
fi(b) for i€P, and iz j,
0 otherwise

fi(ajb) =

Observe that f(ajb) is an alternating vector of P,j,.

Definition 2.5. Given a family s={f(a): a€ 4}, a function h: A—-R is said to be
submodular on A if for any a, be A and jesf(a)Nsf(B), h(ajb)+h(bja)=h(a)+h(D),
supermodular on A if —h is submodular on 4, and modular on A if h is both super-
and submodular on A.

Definition 2.6. Given a family s={f(a): ac 4}, let F~R**U be the matrix with
rows f(a), ac€A4. The family s is called submodular (modular) if all columns f;,
jeU, of F are submodular (modular) functions on 4.

Remark 2.7. The switching family of Example 2.2 is submodular and those of Exam-
ples 2.3 and 2.4 are modular.

We recall that a polyhedron P is said to be an infeger polyhedron if each non
empty face of P contains an integer point. In particular each vertex of P is integer.
Also, given rational matrix Q and vector ¢, the system of linear inequalities Qx=g
is said to be fotally dual integral (tdi) if for any integer vector ¢ such that min {gy:
y=0, y0=c} exists, this minimum is achieved by an integer y. Finally, a well-known
sufficient condition for P={x: Qx=¢} to be an integer polyhedron is that Qx=g
is tdi and ¢ is integer [3,9].

We can now state the main result.

Theorem 2.8. Let s={f(a): ac A} be a switching family, FERA*YV the matrix with
rows f(a), acA, r: A—~Z an integer valued function and e, dc{Z.\U+}V. Then
the following polyhedra are integer polyhedra with tdi systems:

a) Pi={xcRY: e=x=d, Fx=r} for s submodular and r supermodular on A.

b) P,={xcRY: e=x=d, Fx=r} for s modular and r submodular on A.

3. Examples and applications

3.1. In [9], to generalize and unify the different versions of the max flow min cut
theorem, Hoffman considers a family s={S;, Si, ..., S,,} of subsets S,SU, with
So=0 and each S;#0 being linearly ordered by a relation = Furthermore, s is
“closed with respect to switching™, i.e. for any S, S;€s and j€S;(S,, there
exists S,€s, which we denote S, such that Sqn S {/€ 2 i =7y U{j U i€ S;:i5/}
Analogously, there is S;y€s. Moreover, a function r: s—~Z, is given, satis-
fyil]g r(ﬂ)zo, and, fOl‘ any Sk’ S[ES and jESkmS[, r(S(ij))+r(S(ljk))§r(Sk)-l'
+r(S). Now the polyhedron {x€RY: 3 {x;: jeS,}=r(Sy), k=1, ..., m} of
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Theorem 2.4 of [9] is of the type P; of Theorem 2.8: let A={l, ..., m}, and for any
ac A, f(@)¢RY be the incidence vector of S, and the ordering of s5f(a) be the given
order of S,. The hypotheses for F and r of P, are then easily verified.

3.2. Let G=(U, E) be an acyclic digraph, f(@)€RY, ac A, be the node set inci-
dence vectors of all paths P, of G (Example 2.2), and r(a)=1 for all a€ 4. Then
{x€RY: flayx=1, ac A} is of type P, and is a polyhedron of [8], whose vertices
are the 0, *1-vectors associated with the node cut sets introduced there. Similarly,
{x€RY: x=1, fla)x=k} for k a positive integer, is of type P,.

33. Let G=(U, E) be the comparability graph of a poset U with ordering =,
i.e. for any i,jcU, (i,j)€E iff i<j, and let f(a), a€ A, be defined as in 3.2. The
polyhedra of type P, {x€RY: fla)yx=1, acA} and {x€RY: x=1, Ax=k},
where k is a positive integer, are the convex hulls of the antichains and of the sets
partitionable into k antichains of U. Moreover, substituting k by a modular function r
in the second polyhedron, one obtains the chain model of Hoffman and Schwartz [10].

3.4. Let G=(U, E) be an acyclic digraph, f(a)éRY, ac A4, be all alternating vec-
tors of paths of G (Example 2.4), and r#(a)=1 for all acd. {xeRY: fla)x=l1,
ac A} is of the type P, and is the convex hull of the path-closed sets of G (see (1.1)).

3.5. Let G and f(q), a€ A4, be as in 3.4 and k be a positive integer. {x¢RY: x=1,
flayx=k, ac A} is of type Py, and it follows from Corollary 3.4 of [6] that this poly-
hedron is the convex hull of the sets partitionable into k path-closed sets.

3.6. Since switching paths polyhedra have their systems tdi, they are suitable for
deriving combinatorial min-max theorems. As such corollaries, we only mention for
the polyhedra of 3.1 the min flow-max cut theorem [9], for 3.2., min-max theorems
yielding, as Cameron shows in [1], in an elegant way the theorem of Gallai and Mil-
gram [4] (and a generalization of it [1]) for acyclic digraphs, for 3.3, Dilworth’s
theorem [2] and its generalizations by Greene and Kleitman [5] and by Hoffman
and Schwartz [10]. For 3.4 and 3.5, we give the following results.

Let U be a finite poset with ordering = and G=(U, E) of 3.4 be its compara-
bility graph. In the theory of ordered sets, a set TS U is called convex if i, k€T
and jeU is such that i=j=k implies j¢T. Therefore the convex sets of U are the
path-closed sets of G.

Given any SC U, say that a family of subsets of U covers S if any j€S is
in some member of the family, and is packed in S if no j€S is in more than one
member of the family. Also, given a partition U+, U~ of U (UtUU~=U and
UTtNU~=0), call a chain with ordered elements ji,js, ..., fox+1 an alternating
chain with respect to (w.r.t.) Ut, U™ if jeU* foriodd, and j,€U~ for i even
Finally, for any SSU, call [SNU*|—|SNU"| the surplus of S wrt. U, U™,
Applying the duality theorem satisfied with integer solutions to the lp ‘“‘maximize
cx st. x=0, fla)x=1, acA”, yields for any ¢€ZY a combinatorial min-max
theorem. In particular, for ¢;=*1 for jeU*, *=+, —, we have:

Theorem 3.1. [6] Given a partition U+, U~ of the poset U, the maximum surplus
of a convex set of U w.r.t. Ut, U™, is equal to the minimum number of alternating
chains w.r.t. UT, U™, which cover U* and are packed in U~. |}
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This result is analogue to Dilworth’s theorem and also has a polar counter-
part. For any S& U and alternating chain C wurt. S, U-S, call |[CNS| the
length in S of C.

Theorem 3.2. [6] Given SCS U, the minimum number of convex sets partitioning S
is equal to the maximal length in S of an alternating chain wr.t. S, U-S. |

In the same way as the theorem of Greene and Kleitman generalizes Dil-
worth’s theorem, the following result generalizes theorem 3.1.

Theorem 3.3. Given a partition UY, U~ of the poset U and an integer k=1, the
maximum surplus wr.t. UV, U™ of a set partitionable into k convex sets is equal to
the smallest number expressable as |S|+k-a(U~—S), where SSU™ and a(U—S)
is the minimum number of alternating chains w.r.t. Ut —S, U™, which cover Ut —§
and are packed in U~.

Proof. Consider the polyhedron of 3.5, where G is the comparability graph of U.
Since its system is tdi, for any c¢€ZY, the lp “minimize ky+1u, y€R4, ucRY,
s.t. yf;+u;=c;, jEU”, has an integer optimal solution y*, «*. To prove the theorem,
we must show that we can assume additional properties for p*, «* besides integrality.

First, we shall see in the proof of theorem 2.8 that we may assume the
following for y*:

fi(@ =0 forall @ with y} =0, or

(3.1) For any jeU: { fila)=0 forall a with y¥=>0.

Next, we may assume that p* also satisfies
(3.2) Yf=0=¢>0,

for, suppose y}=0, fj(a)—l and ¢;=0. Let f;(a) be a -1- -component of f(a) imme-

dlately pre(,edmg or following f;(a) m the ordered sf(a) (there is such a component

if y*, u* is optimal). Let f(b) be the alternating vector with components f;(5)=

———fj(b)——-O, Sib)=f(@) for I+i,j. Change »*, u* to y',u* defined by y,=0,

yi=yi+yi, yi=y; for d=a, b. y,u" is also integer, optimal and satisfying (3.1).

Applying such changes as long as necessary yields a solution also fulfilling (3.2).
Finally, we may assume that u* satisfies

(3.3) uf =0=¢; >0

for,if ¢;=0 and u}=0, then y¥f;<0, and thereis an awith y*=0 and f;(a)=—1.
Let f(a) be the +1 -component of f(a) immediately following f,(a) in sf(a) and
f(b) the alternating vector deﬁned as in the precedmg paragraph ¥, u given by
Ya=Yi—& Yp=Ys +& yi=yi for ds#a, b, vj=uj—e, uj=uf+e, uy=uf for I#i,j,
where e=min {y}, uf}, is a]so integer, optlmal and satlsfymg (3.1) and (3.2). Ap-
plying such changes when necessary yields a solution also fulfilling (3.3).

Let now c€ZV be given by ¢;=+1 for jeU* and ¢;=—1 for jeU~.
The duality theorem satisfied with an integer primal solution and an integer dual
solution fulfilling (3.1), (3.2) and (3.3) proves the theorem. [}
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3.7. The so called transition (or #-) phenomenon, established for lattice polyhedra
(17, theorem 3.1), also holds for switching paths polyhedra. For instance, for those of
type P,, we have

Theorem 3.4, Given P, of theorem 2.8 and c¢€ZY, the two lp’s
(3.4), minimize r'y+du—ev st y;tuj—v;=c;, jeU,y,u, v=0

for v'=r and r'=r+1, have a common integer optimal solution whenever they
have an optimal solution.

Proof. Suppose (3.4), and (3.4),., have an optimum, and let w,, respectively w, be
their optimal objective value. Note that o, and w, are integer.

Add an element j’ to U and an additional column f}. to F with f (@)= —1
for all ac A4, obtaining the augmented matrix F’. Let j* precede any element jeU
in 5f(a) and retain the given order < in sf(a). Then it is easy to verify that the rows

of F’ form again a switching family and that
(3.5 {(x,2): x€RY, zéR, e=x=d, Fx—z1 =r}

is of type P,. The proof is now similar to the one in [7] and is only sketched here for
this reason. Consider the Ip

(3.6) maximize cx+(wg—wy)z st. Fx—zI=r, e=x=d,
and its dual

3.7
minimize ry+du—ev st ypfitu;—v;=c¢;, jeU, pl=w,—w,, y,uv=0

One shows that (3.6) and (3.7) have an optimum of value @, and, using the
fact that (3.6) has an integer optimal solution, that w=w,. Since the system of (3.5)
is tdi and w;—w, is integer, (3.7) has an integer optimal solution y*, v*, »* with
value w,, hence optimal for (3.4),, and, since yl=w,—w,y, also optimal for

(3'4)r+1‘ I

Applying Theorem 3.4 to the second polyhedron of 3.3 yields the property
established by Greene and Kleitman [5] on the existence of a partition of chains
which is in their terminology both k- and k+1 saturated (see also [10]).

For the polyhedron of 3.5, one easily derives from Theorem 3.4 the following.

Corollary 3.5. Given a partition U™*, U~ of the poset U and letting B, B..1 be the
maximum surplus w.r.t. UY, U™ of a set partitionable into k, respectively k+1 con-
vex sets, there exists S*C U™ and a family C,, ..., Cyy—s+ of alternating chains
wr.t. UT—8* U-~, covering U —S* and packed in U~, such that B,=|S* +
—!—*ka(lS—S*) and By1=1S*|+(k+1)a(U—S*). (If the family is empty, set a(U—
$*=0). 1
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4. Conformity and modularity

For any two vectors x, y€RY, x will be said to conform to y if s*xCsty
and s”x&s”y. A crucial lemma in the proof of Theorem 2.8 is the following.

Lemma 4.1. Let ccRY be integer and s={f(a): a€ A} be a modular switching family
such that all f(ay's conform to c. Then the system of (in) equalities

%;yafj(a) = C_,-, j€U=7
4.1) ,&Z;yafj(a) =c¢;, jeUs,

é;}ﬁ:f}(a) = cj, JE Ué,
Y. =0, acA,

where U_-UUUUy is an arbitrary partition of U, has an integer solution $ERA
whenever it has a solution.

Proof. As all f(a)’s conform to ¢, each column f; is either non-negative or negative.
Note that after multiplying the j-th (in) equality by —1 and redefining the partition
of U, the hypotheses of the lemma are still fulfilled. We may therefore assume in
the following f;(@)=0 for all jeU and acA4.

Construct the digraph G=(V, E), where V= U sf(a) (hence we may

assume V=U), and where (7,j)€E if and only if for some ac A, f,(a)—fj(a)_l
{ < jand there is no k with = k<] (and fi(@)= 1): in this sense, j “covers” i in
cf(a) and we shall write for thls iz

1) We show that G is acyclic.

First, not both (7, j) and (j, /) are in £, that is, for any i#j:
fil@) =fi(a) =1
fitb) =f;(6) =1

for, suppose fi(d)=f;(d)=1, d=a, b, and i<j and 7= j. Then bjac 4, fi(bja)=1

by modularity and by (2.1) i¢[bja], a contradiction.

Next, we prove

Sila) =fi(@=1 and i a<j} {fi(ajb) = fi(ajb) = fi(ajb) = 1

L) =fby=1 and jkl 71 and izj=k

an

Clearly, ajbc A and by modularity f;(ajb)=1. Suppose f;(ajb)=0. By modularity,
S:(0)=0 and f;(bja)=1, contradicting (2.2)". Similarly, if f,(ajb)=0, f,(a)=0 and
Sfi(bja)=1, contradicting (2.3)". ¢ 5 j;,bk follows from (4.2). By (42) and (4.3), G
is acyclic.

ii) Let B and DC V be defined by

(4.2 =i<j and i<j or i=>j and i[>}
a b a b

(4.3)

B = {i€U: i minimal in sf(a) with respect to < for some a€ 4},

D = {i€ U: i maximal in sf(a) with respect to < for some a€ 4}.
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We show that for any path P in G from a node /¢ B to a node [,€D with ordered
node set V(P)= (zo, Iy, ..., by), there exists a d€A such that V(P)=sf(d) and
oy 54 for r=1, .., m.

By definition, there is @€ A such that zo is minimal in sf(a). Assume f; (a)=1
for s=0,..,r and i._ 124 for s=1,..,r, and consider the subpath (f, ...
v bpy Ipoy). Since (z,,i,H)EE, there exxsts bEA such that i/, zi,. We may
assume b#a. For ease of notation and up to the end of the proof, denote ai.b
by e. Clearly, e€ 4 and from (4.3) follows f; (e)=1 for s=0,...,r+1, and from
(42) i,y =i, for s=1,..,r+1. Further, i, is the mmlmal element of sf(e):
suppose there is 7 with f,(e)zl and i <i,. Then f(a)=0, otherwise by (4.2)
i =iy, a contradiction. But then fi(b))=1 by modularity, and i<i, by (42),
contradicting (2.2).

Also, i,y =i, for s=1,..,r+1: suppose there is / with fi(e)=1 and
iy <i<i; for some s€{l, ...,r}. Again f;(@)=0, other Is—y =i <. Then
Ji(b)=1 and i<, contradicting (2.2). If fi(e)=1 and fo<i=<lq, £ (b)y=0,

otherwise i, {541, hence fi(@)=1 and i, <1, contradicting (2.3).

By mductlon on r, there is g€ 4 such that i, is minimal in sf(g), {is, ..., i} S
Csf(g) and is_lg%is, s=1, ..., m. Since i,eD, thereis hé 4 such that £, is the
maximal element of sf(k). gi,,h¢ A and with the same arguments as above, one shows
that g7,k 1s the desired 4.

iii) Construct the auxiliary digraph G’ obtained from G by introducing a
source §, a sink ¢ and additional edges (s, j) for all j¢B and (j, t) for all jeD.
G’ is acyclic. Make G’ to a node constraint network by setting the following lower
and upper bounds on the nodes of G": I,;=1,=0, u;=u =<0, ;=u;=c; for jeU_,
;=0 and w;=¢; for jeUs, [;=¢; and Uj= o for }€U> Toasolutlon yER4
of the system 4. I) corresponds a feasxble s—{-ﬁow Since ¢ is integer, there exists
an integer feasible s—t-flow in G’. Any integral path-decomposition of this integer
flow yields then an integer solution y to (4.1). |

A general lemma allows to restrict ourselves in the coming proof of Theorem
2.8 to the case where there are no lower or upper bounds on the variables. It charac-
terizes the property of box total dwal integrality. Let Q¢R™** be a mXn-matrix
and g€R™ Edmonds and Giles [3] call a system Qx=gq box ftotally dual integral
(box tdi) if the system Qx=gq, e=x=d is tdi for any vectors d, ec{RU £ oo}

Lemma 4.2. For a system Qx=gq, (i) and (i) are equivalent:

(i) For any ST .n} and bR, jeJ, Ox=gq, x;=b;, jeJ is tdi.
(il) Ox=gq is box tdz

Proof of (i)= (ii). ((ii)=(i) is obvious).

a) We show first (i)=(ii) for the case where the box in (ii) consists of a single
inequality, i.e. assuming (i), we show that Qx=gq, x;=d, is tdi. (A proof of Qx=gq,
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e;=x; tdiis similar). Therefore let ¢€Z" and assume that the (dual) Ip
minimize gy+d,u, yER™, ucR,
4.4 st. yg'+u=c, y@=c¢;, j=2,..,n
y=0, u=0,

has an optimal objective value w (¢¢ denotes the j-th column of Q). If (4.4) has any
optimal solution y°, #® with #°=0, it has an integer optimal solution y*, 0, since
Ox=gq is tdi. So assume the contrary and let »°, u° be some optimal solution. By
complementary slackness x}=d; for any optimal solution x* of the corresponding
primal Ip. Therefore o=max {cx: Qx=g¢, xl—dl}zmm {gy+dyu: ygt+u=cy,
ygi= <o Jj=2,...,n, y=0}. The latter minimum is achieved by some integer solu-
tion $, %, since (1) holds for Qx=¢. Now, # cannot be negative, otherwise J, 0
defined by j=ap+(1—a)y® and a=u°/(u®—4) is an optimal solution to (4.4),
contradicting the above assumption. Therefore #=0 and 3, # is also an integer
optimal solution to (4.4).

b) Incorporate x;=d; (or e;=x;) into Qx=gq, obtaining Q'x=g’. Then
(i) also holds for @’x=¢’. To see this, consider for some JES{I, ..., n} and b;cR,
icJ, the system
4.5) Ox =gq, x;=0b;, jcJ,

X = d;.

(i) for QOx=gq obviously implies (i) for the system Qx=gq, x;=b;, j¢J; applying
the result of a) to this latter system proves that (4.5) is tdi. Successive incorporations
of all box constraints and use of a) establish the lemma. [

Remark 4.3. An equivalent form of (i) of Lemma 4.2 is:
(') For any bER® such that Qb=q and JZ{1,..,n}

(4.6) 2¢x=q9-24'b;

i€s jer
is idi.
This observation makes it easy to deduce the box tdi-property of certain systems from
their tdi-property. More specifically, if a class € of tdi-systems is such that for any
member Ox=q of €, the system (4.6) is also a member of €, then € is a class of box-
tdi systems. This argument applies to several known classes of systems (for instance
of [3], [8]) and also to the two classes describing the switching paths polyhedra Py
and P, of theorem 2.8: for instance in x=0, Fx=r, the deletion of certain col-
umns f; from F and the subtraction from r of a non negative combination of these
columns yields a system x"=0, Fx'=r" of the same type.
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5. Proof of the theorem

We shall prove that the system describing P, with e=0 and d= 4+ is
tdi. By the preceding remark, the system will then be tdi for any e and d. Let c€RY
be integer and consider the Ip

minimize ¢x, x€RY,
5.H st D fila)x; = r(a), acA,
jeu
x=0,

and its dual
maximize ry, yER4,

(5.2) s.t. 621' Yo£i(@) =¢;, jeU,

y=0.

Assume (5.1) and (5.2) have a finite optimum and let x* be an optimal solution to
(5.1). Define the sets A_={acA4: > fi(a)xi=r(a)} and U_.={jcU: x}=>0}. By
standard results of linear programming, a solution to (5.2) is optimal iff it satisfies

the system:
2 yaf:i(a):cjs jEU=,
BEA_
(5.3) e§ vofi(@) =¢;, jeU-U_,

v, =0, acAd.,
y.=0, acd—A_.
We will find a subfamily 4, S 4. and c*¢RY integer such that

* —

EZA’ Yafil@) =cj =¢;, jeU-,

G4 D vafil@) =cf =¢;, jeU-U_,

€ Ax
ya=0, acd,,

admits a feasible solution y*, and such that {f(a): ac4,} is a switching family
whose f(a)’s conform to ¢*, and whose vectors f;€R#*, jcU, are modular on 4,.
Then by Lemma 4.1, (5.4) and hence (5.3) have an integer feasible, and hence (5.2)
an integer optimal solution. Let »° be an optimal solution to (5.2) and define the sets

Y, = {y€R4: y feasible in (5.3) and 1y = 1»%},

Y, = {y€Y: y minimizes z()) = 5 3 fi(a)y.)
JeU_ eéa_
and for any j€U and y€RA, the integer number y;(»)=|{(a, b): y, and y,>0,
and f;(y)=—f;(b)=0}|. Order U from 1 to n, define Y,={y€Y¥;: y minimizes
lexicographically y,(»), y2(¥), ...}, and choose p*€¥, with a maximum number of



ON SWITCHING PATH POLYHEDRA 203

non zero components. For any scalar «, denote by [al the largest integer less than
or equal to «. We claim that the desired 4, and ¢* can be chosen as

(5.5 A, ={acd_: y; =0}, and

(5.6) f =[Z fi(a)yi], JjeU.

First, if y'€¥;, then for any a,b such that yi, ;>0 and jesf(a)Nsf(b),
one has gjb and bjacA_ and

5.7 fi(@)+£i(b) = fi(ajb)+fi(bja) for all icU.
To see this, derive y from ' be the following “e-changes™:

yi—e for d=a,b,
vs=1{yite for d=ajb,bja
Vi for all other d€A,

where O<e=min {J%, y}}. Then )’ is optimal for (5.2), as is easily seen using sub-
modularity of the f;’s and supermodularity of r. Also 1y’=1)", therefore y’€¥,.
As a consequence, ajb and bja€ A_ and (5.7) holds for icU_. Also, if for some
icU—U_, f{a)+fi(b)=f.(ajb)+f;(bja), then z(y)<z()"), contradicting y'€Y;.
Observe that, if y'€Y;, then also »'€Y;.

Next, if y?cY,, then y;(3%)=0 for all jeU, for suppose the contrary and
let j be the smallest index for which 7;(y%=0. We may assume O0<yi=y} and
fi{@=—f;(b)=0 for some a,b€A_. Derive y” from y* by g-changes, where now
e=y%. By (2.2), 2.3), (2.2)" and (2.3Y, fi(@ib)=f;(bja)=0, hence y;(»")=<y;(¥%).
Also, 7,(»®)=0 implies 7;(»”)=0, for suppose p;(y”)=0. Necessarily, f;(ajb)=
=—fi(d)#0 or fi(bja)=—f,(d)#0 for some d with y7>0. Assume the first case,
the second being similar. If d=bja, by (2.4) and modularity, f,(a)= —f;(b)#0, con-
tradicting 7,(»*)=0. If d=a or b, by modularity, again f;(a)= —f;(b)#0. If
d¢{a, b, bja}, by (2.4) and modularity, fi(a) or fi(b)= —fi(d), again contradicting
y:(»)=0. As a result, y"€Y¥, (be the observation ending the precedent paragraph)
and y” is lexicographically smaller than y2, a contradiction.

Finally, with successive e-changes, one derives y* from »? such that y*€¥;,
7;(y)=0 for all jeU, and, 4, being given by (5.5), a,bed, implies ajb and
bjacA,. As all y;(y*)=0, f(a), acA4,, obviously conform to c* of (5.6) and 4,,
c* and y* are as desired for the system (5.4).

The proof of b) of Theorem 2.8 is similar. [j

Remark 5.1. In the work of Cameron [1], the class of so called coflow polyhedra is
introduced and used in a number of applications. It would be interesting to find a
common frame for both coflow and switching paths polyhedra.
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